{y e E n I d(x, y) = r}. If A is a subset of M, we denote the closure of A in ikf by A. If A is compact, we say that A is relatively compact. Let Z + denote the set of positive integers. The identity mapping will be denoted by /, without regard to domain. THEOREM Proof. We note from (2) that ζ< ^ 1, ieZ + . Therefore, we see from (2) and (5) that d(Fi(x), x) < 1/2% and hence ( 6 ) d (Hi(x) , Hi^x)) < 1/2* [i eZ + ,xeM] .
Given any fixed xe M, we first show that lim^^ Hi(x) exists. We have two cases to consider.
Case 1. There exists an integer j(x) such that H k (x) = H ό{x) (x) for all k ^ j(x). Then, of course, lim^oo Hi(x) = H j{x) (x).
Case 2. There exists a sequence k < l 2 < such that H h (x) Φ. H ii+1 (x) , i e Z + β
Then from (4) and (2), we see that there exists a sequence m 1 Choose m* = p so large that 1/2* < ώ(£, #). Then using (1) we have, in particular, U H(x) c £7,. Using (3) and (4),
On the other hand, using (5) and our choice of p, it follows that 
Setting 37 = ζj, d f, we see from (3) and (4) 
Hence we see that
we see from (7) and (8) that V is a neighborhood of ?/ in M such that £Γ(a; n ) g V for all G^+. Hence the sequence H(x n ) does ^oί converge to y.
Case 2. There exists a sequence
Then, as seen before, there exists a sequence k,< k 2 < such that y = H(z) = flΓ=ι ^ As before, letting ξ > 0 be such that d(a? Λ , y) ^ ξ for all ne Z + , we take ^ = Λ 5 so large that 1/2 P < ξ. Then, using (3), (4), and (5), we see that ye U p , whereas
Then by (4) and (2),
Since U p is a neighborhood of y in M, it follows that {H(x n )} does not converge to y. This completes the proof that H~ι is continuous, and hence Theorem 1 is completely proven.
REMARKS AND EXAMPLES. One verifies that the biuniqueness of the limit mapping H is still valid if condition (5) is weakened to requiring only that δ(Ui) < ζ^ ••• d/α*, where the positive constants a { are subject to the condition lim^*, a t = + °°. The necessity for this latter condition is illustrated by the following example. Let M = E n , and for any i e Z + , set U { = 5(0, l/2 ί+1 ). Let F t be a 
for all x, y e i£ Λ and i e ^+. Hence, setting ζi = 1/2, ie #+, we see that conditions (1), (2), and (3) of Theorem 1 are satisfied by U { and fV Condition (5) is violated, but we have, nevertheless,
It is easily seen that the mapping if = lim^ FiF^ F λ is a continuous mapping of E n on itself, but H is not one-to-one since
The diffeomorphisms F ζ in the above example are members of an important class of homeomorphisms of E n which satisfy a condition such as (3): namely, the class of diffeomorphisms of E n which are the identity outside some compact subset of E n . Condition (3) is not, in general, satisfied for homeomorphisms of E n which are the identity outside some compact subset of E n , even for those which are, in addition, diffeomorphisms on the complement of a single point. For consider the following example. Let F be a CΓ-diffeomorphism of E 2 on itself (i.e., F is a homeomorphism of E 2 on itself such that F\(E 2 -0) is a C°°-diffeomorphism) such that F is the identity on the subset {E 2 -5(0,1)} Π {\Jn=i 3(0, 1/ri)} U {0}, and such that the spheres S(0,1/n -10-w ), ne Z + , are rotated by F through 180 degrees. Such a homeomorphism is readily constructed. One verifies that
and hence there can not exist a number ζ such that
We now use Theorem 1 to establish a result concerning spiral points of homeomorphisms of nonbounded differentiate manifolds. The reader is referred to [1] REMARKS. It can be seen from the constructions in § 8 of [1] that Theorem 2 above is valid for diffeomorphisms f. Indeed, using the techniques in § 8 of [l] , one can construct a homeomorphism h of U on itself having a dense set of spiral points, and, moreover, such
that d(fh(x), f(x)) < e(x), for all xeU.
Then g = fh satisfies the requirements of Theorem 2 relative to /. The difficulty that arises when / is not a diffeomorphism is that a point xe U can be a spiral point of the homeomorphism g, and the point g(x) can be a piercing point (cf. Definition 1 of [1] ) of the homeomorphism /, and yet x can be a piercing point of fg (and hence, in particular, x is not a spiral point of fg).
However, the generality afforded by condition 3 of Theorem 1 (i.e., the constants ζ; vary with F ζ ), as opposed to the uniform constant δ appearing in property (β) of [1] , will allow us to overcome the above difficulty.
Proof of Theorem 2. Let X be a countable dense subset in U of distinct points x if ieZ + .
We will construct a sequence of homeomorphisms Hi of U on itself, of the type described in Theorem 1 above, and such that if H -lim^*, H^ then X consists entirely of spiral points of fH, and d(fH(x),f{x))<ε (x) for all xeU. This latter condition will be satisfied if
is a suitably chosen real-valued positive continuous function. We assume below that a fixed choice for such a function τ has been made. Note from (2) and (4) that if δ(Ui) < mm{τ(x)\xe Z7<}, for all ieZ + , then the above approximation conditions are necessarily satisfied.
Before defining the homeomorphisms H iy we need some definitions» We now can construct, inductively, the required homeomorphisms Hi. The inductive description is most conveniently carried out by stages, i.e., setting σ( H <nk+ι) are constructed. To further orient our discussion, we remark that the point H σ{k) (x k ) is added to our discussion at stage k, and relative to the constants r j8 , m js chosen below, the subscript j refers to x jf while the subscript s denotes stage s, j ^ s.
Stage 1. Select a positive constant r n such that r n < min {1/2, 1/2 min {τ(x) \ x e B(x ly r n )}, d(x 19 E n -U)} , and S(x 19 r n ) ill = φ. Then choose the positive integer m n so large that the homeomorphism F Xi , rn , mil is of spiral type relative to /. We set ft = ί\ = F Xvril , mn ζ(m n ) = Ci, and U, -B(x 19 r n ).
Stage 2. Select a positive constant r 12 such that (10) r 12 < min {r n /2, ζ
In each step, a condition such as (11) is crucial in the construction of the Ui satisfying (1), and can be achieved since X is countable. Then choose the positive integer m 12 so large that F Hl{Xl) , rvt , mi2 is of spiral type relative to fH lm We set F 2 = F HliXι) , ri2 , mi2 , ζ(m 12 ) -ζ 2 , U 2 = BiH^Xj), r 12 ), and H 2 = F 2 F l9 Now consider the point H 2 {% 2 ). Using (9), (12), and our choice of r u , we have
We then have two cases to consider. This completes the induction, and we set H = lim^oo H^ Using Theorem 1, H is a homeomorphism of U on itself, and from (9) and (20), d(H(x),x) < τ(x) , for all xeU. It is readily seen (compare with § 8 of [1] ) that X consists entirely of spiral points of fH. Since, by our choice of τ, d(f(x), fH(x)) < e(x) for all x e U, the proof of Theorem 2 is complete. Proof. In the proof and notation of Theorem 2, we replace U -B(c, r) . Now for xeB(c y r) -B(c, r/2), the formulas for the components of (F k ) t are obtained from the corresponding formulas (cf. (9)-(9)'") for the components of F k by replacing a m (x) by ta n (x).
Finally, we set (x, y) , [x,ye U] , where ζ(m) is the constant verifying the corresponding inequality for F k .
Hence, setting K t = lim^oo (H k ) u we see by Theorem 1 that K t is a homeomorphism of U on itself, for each t e [0, 1] . Note also that K Q = I and K ± = £Γ. To complete the proof, one verifies that K t is a continuous family by noting that 
